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It has been shown that the thin brane model in a five-dimensional Weyl gravity can deal with the
wrong-signed Friedmann-like equation in the Randall–Sundrum-1 (RS1) model. In the Weyl brane
model, there are also two branes with opposite brane tensions, but the four-dimensional graviton
(the gravity zero mode) is localized near the negative tension brane, while our four-dimensional
universe is localized on the positive tension brane. In this paper, we consider the mass spectra of
various bulk matter fields (i.e., scalar, vector, and fermion fields) on the Weyl brane. It is shown
that the zero modes of those matter fields can be localized on the positive tension brane under some
conditions. The mass spectra of the bulk matter fields are equidistant for the higher excited states,
and relatively sparse for the lower excited states. The size of the extra dimension determines the
gap of the mass spectra. We also consider the correction to the Newtonian potential in this model
and it is proportional to 1/r3.
PACS numbers: 04.50.-h, 11.27.+d
I. INTRODUCTION
Over the last decades, there was a great interest to con-
struct a unified theory in higher-dimensional spacetime.
The higher-dimensional theory dates back to the work of
Kaluza and Klein [1] in the 1920s. They tried to unify
electromagnetism with gravity by assuming that the g5µ
component of the five-dimensional metric represents the
electromagnetic potential [1]. Subsequently, the brane
world theories appear as an alternative theory to solve
the gauge hierarchy and cosmological constant problems
(see e.g., Refs. [2–5]) with a fundamental idea that the
visible universe is localized on a 3-brane embedded in a
higher-dimensional bulk.
Most research as regards about brane worlds is based
on a Riemann geometry [6–14]. The non-Riemannian
models can be classified within the language of metric-
affine gravity [15–18]. Generally, there are two types
of generalized Riemann geometries, Riemann–Cartan ge-
ometry and Weyl geometry [16]. Cartan introduced the
torsion T to represent the antisymmetric piece of the con-
nection, which may be related to spin. When the connec-
tion includes a geometric scalar ω, there will be a non-
metricity part called Q, which is related to the scalar ω.
In Riemann–Cartan geometry, the torsion T 6= 0, and the
nonmetricity part Q = 0. When T = 0, the Riemann–
Cartan geometry can degenerate into Riemann geometry.
The Weyl geometry is an affine manifold described by a
pair (gMN , ωM ), where gMN is the metric and ωM is
the “gauge” vector as the gradient of a scalar function
ω. In the Weyl geometry, T = 0 and Q 6= 0. When
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Q = 0, the Weyl geometry can also degenerate into Rie-
mann geometry. As a generalization of Riemann, Weyl
geometry has been received much attention in the stud-
ies in field theory and cosmology [19–22]. Moreover, in
Refs. [15, 24–29], the authors have studied the Weyl
brane world scenario and obtained various solutions of
Minkowski thick branes.
In the brane world scenario with all matter fields
(scalar, vector, and fermion fields) propagating in the
bulk, the zero modes of these bulk fields, i.e., the four-
dimensional matter fields in the Standard Model, should
be localized on the brane complying with the present ob-
servations. So, localization of various bulk matter fields
on a brane is an important and interesting issue. Ref-
erences [6, 7, 30] showed that the zero mode of a free
massless scalar field can be localized on the RS brane or
its generalized branes. In order to ensure that the zero
mode of vector field can be localized on the brane, the
case of generalized RS branes with more extra dimensions
was considered [31, 32], a dynamical mass term was in-
cluded in gauge field localization [33, 34], and in Refs.
[35–44] the authors introduced the interaction with the
background scalar field. Localization of the fermion zero
mode on a brane is especially important. It has been
demonstrated that localization mechanisms, e.g. Yukawa
coupling ηΨ¯F (φ)Ψ [10–12, 15, 45–56], derivative scalar-
Cfermion coupling ηΨ¯ΓM∂MF (φ)γ
5Ψ [57], and deriva-
tive geometrical–fermion coupling
ηΨ¯ΓM∂MF (R)γ
5Ψ [58], can ensure that the fermion zero
mode can be localized on the brane.
In the RS1 model [3], the authors assumed that there
are two thin branes located at the boundaries of the
extra dimension. One of them is the negative tension
brane (called Tev brane, where our universe is resided),
and the other is the positive tension brane (called the
Planck brane, where the spin-2 gravitons are localized).
The warping of the extra dimension in RS1 model can
solve the famous gauge hierarchy problem, but the fun-
2damental assumption that the our universe is localized
on the negative tension brane can lead to a wrong-signed
Friedmann-like equation [59–61]. The authors of Ref. [62]
presented a generalized RS1 model in the Weyl integrable
geometry, which can give a correct Friedmann-like equa-
tion since our universe is assumed to be located on the
positive tension brane. It was shown that the brane sys-
tem is stable under the tensor perturbation and the grav-
ity zero mode is localized near the negative tension brane,
whereas the matter fields should be confined on the pos-
itive tension brane, since our universe is located on this
brane.
In this paper, we will do further research on the local-
ization of various bulk matter fields in this Weyl brane
model and check whether the zero modes of these fields
can be confined on the positive tension brane. We will
consider a dilaton coupling between the bulk matter fields
and the background scalar field. It will be found that the
coupling is necessary for most of the bulk fields. For
the fermion case, we consider the usual Yukawa cou-
pling ηΨ¯F (ω)Ψ to obtain analytical wave functions of
the fermion KK modes. This paper is organized as fol-
lows. In Sect. II, we give a brief review of the Weyl brane
model proposed in Ref. [62]. In Sect. III, we investigate
localization and mass spectra of the scalar, vector, and
fermion fields on the Weyl brane. In Sect. IV, gravita-
tional fluctuations and correction to the Newtonian po-
tential are discussed. Finally, we give a brief conclusion
and summary in Sect. V.
II. REVIEW OF WEYL BRANE MODEL
The brane model we consider here is based on the five-
dimensional Weyl geometric action where the gravity is
non-minimally coupled with a background scalar field ω.
The action is given by [62]
S5 =
M3∗
2
∫
MW5
d5x
√−gekω [R − (4 + 4k)∇Kω∇Kω].
(1)
Here R is the five-dimensional Weyl Ricci scalar,M−3∗ ≡
8πG5 is the fundamental scale of gravity, the Latin letters
M,N,K = 0, 1, 2, 3, 5, and ω,K is a gradient of the Weyl
scalar ω. In what follows it is convenient to denote the
physical four coordinates by xµ, and the extra dimension
by y.
In this frame the Weyl Ricci tensors are constructed
from ΓMLN in a standard way,
RMLKN = ∂KΓ
M
LN − ∂NΓMLK + ΓMKPΓPNL − ΓMNPΓPKL,
RLN = R
M
LMN , (2)
R = R5 = R
L
L,
where the Weyl affine connection is expressed as
ΓPMN = {PMN} −
1
2
(
δPN∇Mω + δPM∇Nω − gMN∇Pω
)
,(3)
with {PMN} representing the Riemannian Christoffel sym-
bol. Now with some algebra, the Weyl Ricci tensor RMN
can be separated into a Riemannian Ricci tensor part
RˆMN plus some other terms with respect to the Weyl
scalar function, i.e.,
RMN = RˆMN +
3
2
∇M∇Nω + 1
2
gMN∇P∇Pω
+
3
4
(∇Mω∇Nω − gMN∇Kω∇Kω), (4)
where the hatted magnitudes and operators are defined
by the Christoffel symbol. Then from the action (1), the
equations of motion are
GˆMN = (4 + 4k)
(
∇Mω∇Nω − 1
2
gMN∇Kω∇Kω
)
+k
(
∇M∇Nω − gMN∇K∇Kω
)
+k2
(
∇M∇Nω − gMN∇Kω∇Kω
)
, (5)
kRˆ = −(8 + 8k)∇K∇Kω − 4(k + k2)∇Kω∇Kω.(6)
Further, we can write the field equation (5) in the form
of the Einstein equation by moving all Weyl scalar terms
to the right-hand side to compose an effective energy-
momentum tensor:
GˆMN = TˆMN . (7)
The authors in Refs. [19, 23, 24, 63–66] studied thick
brane solutions, by considering the metric that satisfies
four-dimensional Poincare´ invariance. The localization
and mass spectrum problems of bulk matter fields on
the Weyl Minkowski thick branes were discussed in Refs.
[15, 23–29]. We are interested in the Weyl Minkowski
thin branes with space S1/Z2, for which the metric with
four-dimensional Lorentz invariance in a five-dimensional
Weyl spacetime is given by
ds2 = a2(y)ηµνdx
µdxν + dy2
= a2(z)
(
ηµνdx
µdxν + dz2
)
, (8)
where z is the conformal coordinate of the extra dimen-
sion with z ∈ [−zb, zb] and it relates to the physical co-
ordinate y by a coordinate transformation dy = a(z)dz.
One assumes that the background scalar field ω only de-
pends on the extra dimension.
According to the metric (8), the field equations in the
bulk can be expressed in terms of the warp factor a, and
the scalar field ω,as in the following set of equations:
kω′′ + (k2 + 2k + 2)ω′2
+2k
a′
a
ω′ + 3
a′′
a
= 0, (9a)
(1 + k)ω′2 − 2ka
′
a
ω′ − 3a
′2
a2
= 0, (9b)
2(1 + k)(ω′′ + 3
a′
a
ω′) + k(1 + k)ω′2
−k(a
′2
a2
+ 2
a′′
a
) = 0, (9c)
3where the prime denotes the derivative with respect to
z. The above field equations admit the following brane
solution [62]:
a(z) = (1 + β|z|) 13 (1+ kα ) , (10a)
ω(z) = − 1
α
ln(1 + β|z|), (10b)
where α =
√
k2 + 3k + 3, the parameter β > 0 and k <
−1.
The five-dimensional effective energy-momentum tensor
is given as usual by
TˆMN =
2√−g
δSˆ
δgMN
= RˆMN − 1
2
gMN Rˆ, (11)
with Sˆ the effective matter action. In this case the effec-
tive energy density is given by the null-null component
Tˆ 00 of the energy-momentum tensor,
ρ(z) =
β2
3α2
(k2 + αk + 6k + 6)
(1 + zβ)
2
3 (4+
k
α
)
−2kβ[δ(z)− δ(z − zb)]
α(1 + β|z|) 52+ 2k3α
. (12)
This expression directly shows that there are two delta
functions appearing at each boundary, so they stand
for two thin branes, namely a positive tension brane
at the origin and a negative one at the boundary zb.
These tensions compensate for the effects produced by
the bulk component and hence ensure the existence of
four-dimensional flat branes. So the brane configuration
of this case is similar to that of the RS1 model. How-
ever, localization of massless graviton in these two brane
scenarios will be quite different, and in Ref. [62] one can
suppose that the standard model fields are confined on
the positive tension brane at z = 0, so this is crucial
to overcome the severe cosmological problem of the RS1
model.
III. LOCALIZATION OF VARIOUS MATTER
FIELDS
In this section, we investigate the localization and mass
spectra of various bulk matter fields, including the spin-0
scalar, spin-1 vector and spin-1/2 fermion fields on the
Weyl brane. A natural mechanism for localizing spin-
0 scalar and spin-1 vector fields on the brane involves
the couplings with the background scalar field. For the
case of spin-1/2 fermions, we will investigate the usual
Yukawa coupling ηΨ¯F (ω)Ψ.
A. Spin-0 scalar field
Firstly, we explore the localization condition and the
mass spectrum for a massless scalar field on the Weyl
brane by considering two types of coupling with the back-
ground scalar fields, dilaton coupling and Higgs potential
coupling [13].
1. The dilaton coupling
Let us consider a massless scalar field Φ coupled with
the dilaton field ω via the following five-dimensional ac-
tion:
Ss = −1
2
∫
d5x
√−g eλωgMN∂MΦ∂NΦ, (13)
where λ is a dimensionless coupling constant. For conve-
nience, we rewrite the warp factor so that the metric (8)
takes the form
ds2 = a2(z)
(
ηµνdx
µdxν + dz2
)
= e2A(z)
(
ηµνdx
µdxν + dz2
)
. (14)
Following (13) and (14), the equation of motion for the
scalar field satisfies the five-dimensional KleinCGordon
equation,
∂P
(√−g∂PΦ) = 0. (15)
Making the KK decomposition
Φ(xµ, z) =
∑
n
φn(x
µ)χn(z)e
−̺A(z), (16)
with the quantity ̺ = 32
k+α−λ
k+α , and demanding that
φn(x
µ) satisfies the four-dimensional massive Klein–
Gordon equation (∂µ∂
µ − m2n)φn = 0, we obtain the
equation of the extra-dimensional part χn(z) of the scalar
KK mode, which can be converted into the following
Schro¨dinger-like equation:[−∂2z + Vs(z)]χn(z) = m2nχn(z), (17)
where mn is the mass of the scalar KK mode φn(x
µ) and
the effective potential Vs(z) reads
Vs(z) = ̺∂
2
zA(z) + [̺∂zA(z)]
2. (18)
It is clear that the effective potential Vs is only de-
pendent on the warp factor. In fact, the Schro¨dinger-like
equation (17) can be written as Hχn = m2nχn, where
the Hamiltonian operator is given by H = Q+Q with
Q = −∂z + ̺∂zA. Since the operator H is positive defi-
nite, there are no KK modes with negative m2n.
By substituting the KK decomposition (16) into the
five-dimensional scalar action (13) and introducing the
following orthonormality conditions:
∫ +zb
−zb
χm(z)χn(z)dz = δmn, (19)
4we get the effective low-energy theory in a four-
dimensional familiar form
Ss = −1
2
∑
n
∫
d4x(ηµν∂µφn∂νφn +m
2
nφ
2
n), (20)
where we have used Eq. (17).
Due to the explicit forms of ̺ and A(z), the expression
of the effective potential Vs(z) corresponding to Eq. (18)
is given by
Vs(z) =
[(k − λ)2 − α2]β2
4α2(1 + β|z|)2
+sβ
[
δ(z)− 1
1 + βzb
δ(z − zb)
]
, (21)
where s = α+k−λα . The value of Vs(z) at z = 0 is
Vs(0) =
[(k − λ)2 − α2]β2
4α2
+ sβδ(0). (22)
In order to localize the scalar zero mode on the positive
tension brane, the effective potential Vs(z) should be neg-
ative at z = 0, which results in the following condition:
λ > k + α. (23)
By setting m = 0 in Eq. (17), we easily get the normal-
ized zero mode of the scalar field for λ 6= k + 2α:
χ0(z) =
√√√√ β(k + 2α− λ)
2α
[
(1 + βzb)
(k+2α−λ)
α − 1
] (1 + β|z|) k+α−λ2α ,(24)
which is indeed localized on the positive tension brane
under the condition (23). When the extra dimension is
infinite, the normalization condition
∫ +∞
−∞
χ0(z)
2dz = 1
means that the localization condition for the scalar zero
mode is much stronger: λ > k + 2α . For λ = k + 2α ,
the normalized scalar zero mode reads as
χ0(z) =
√
β
2 ln(1 + βzb)
1√
1 + β|z| ( λ = k + 2α),(25)
and it is also localized on the positive tension brane. But
if the extra dimension is infinite, the scalar zero mode
is not normalized and hence we cannot get a localized
scalar zero mode. When there is no coupling between
the scalar and dilaton fields, i.e., the parameter λ = 0,
one can verify that the scalar zero mode is also localized
on the positive tension brane when zb is finite.
In order to investigate the mass spectrum of the scalar
KK modes, we redefine the following dimensionless pa-
rameters:
¯|z| ≡ β|z|, m¯n ≡ mn
β
, V¯s(z¯) ≡ Vs(z)
β2
, (26)
with which the Schro¨dinger-like equation (17) is rewritten
as
(−∂2z¯ + V¯s)χ(z¯) = m¯2nχ(z¯), (27)
where the effective potential V¯s reads as
V¯s(z) =
[(k − λ)2 − α2]
4α2(1 + |z¯|)2 +c
[
δ(z¯)− 1
1 + z¯b
δ(z¯−z¯b)
]
. (28)
The general solution of Eq. (27) is given in terms of
the combination of Bessel functions
χn(z¯) = Nn(1 + |z¯|) 12
[
C1JPs(m¯n(|z¯|+ 1))
+ C2YPs(m¯n(|z¯|+ 1))
]
, (29)
where Nn is the normalization coefficient, C1 and C2 are
the m-dependent parameters, JP (z) and YP (z) are the
Bessel functions of the first and second kinds.
Then we impose the two kinds of boundary condi-
tion (the Neumann boundary condition and the Dirich-
let boundary condition) to calculate the mass spectra of
scalar KK modes, respectively. For the the Neumann
boundary condition ∂z¯(e
−̺A(z¯)χn)|z=0,z=zb = 0, we get
the mass spectrum which is determined by following con-
dition:
MN (m¯n) ≡ JPNs(m¯n(z¯b + 1))
+ CNsYPNs(m¯n(z¯b + 1)) = 0. (30)
where PNs and CNs are defined as:
PNs ≡ λ− k − 2α
2α
, CNs ≡ − JPNs(m¯n)
YPNs(m¯n)
. (31)
And, for the Dirichlet boundary condition e−̺A(z¯)χn = 0
at the boundaries z¯ = 0 and z¯ = z¯b, we get the mass spec-
trum of the scalar KK modes which satisfies the following
relation:
MD(m¯n) ≡ JPDs(m¯n(z¯b + 1))
+ CDsYPDs(m¯n(z¯b + 1)) = 0. (32)
where PDs and CDs are given by
PDs ≡ λ− k
2α
, CDs ≡ − JPDs(m¯n)
YPDs(m¯n)
. (33)
From Eqs. (30) and (32), we see that the Neumann and
Dirichlet boundary conditions give the similar expres-
sions which determine the mass spectrum, whereas the
orders of the Bessel functions are different as shown in
(30) and (31). By tuning the parameters k and λ, the
same orders of Bessel functions can be obtained, and thus
the expression of the mass spectrum derived by the Neu-
mann boundary condition is equivalent to that derived
by the Dirichlet boundary condition. Therefore, we only
consider the Neumann boundary condition for later dis-
cussion.
According to Eq. (30), we plot the relation between
MN and m¯n in Figs. 1, 2, 3, where the zero points
represent the mass of the KK modes. Figure 1 shows
that the effect of the parameter λ on the mass m¯1 of
5the first massive scalar KK mode. It can be seen that
the mass m¯1 increases with λ. On the other hand, there
are some singular (vertical) lines in these figures, which
come from the zero points of YPNs(m¯n) in (31). Since
the gaps between two arbitrary adjacent singular lines
are almost the same for a set of parameters, we can call
the average gap the period T . For example, the periods
T for the three cases shown in Fig. 1 are 3.13, 3.22
and 3.42, respectively. The period for a special mass
spectrum increases with λ. Figure 2 states the effect of
the size of the extra dimension, z¯b, on the gap of the
massive KK modes. It shows that the number of excited
states in a single period increases with z¯b, and the gap
of massive KK modes decreases with z¯b. An interesting
phenomenon will appear if we set z¯b < 1 (and k = −3 and
λ = 5 at the same time). The massive KK modes will not
appear in every period anymore for this case; however,
they will appear after severe periods, as shown in Fig. 3.
The mass spectra of the scalar KK modes are shown in
Fig. 4 for different parameters. The mass gap between
the zero mode and the first massive KK mode increases
with the dilaton coupling constant λ and decreases with
the size of the extra dimension z¯b. On the other hand,
the mass spectrum is almost equidistant for the higher
excited states, and relatively sparse for the lower excited
states.
2. The Higgs potential coupling
Next, we consider another coupling, the Higgs poten-
tial type coupling between a real scalar Φ and the back-
ground scalar field ω. The five-dimensional action is as-
sumed as [13],
Ss =
∫
d5x
√−g
[
− 1
2
gMN∂MΦ∂NΦ− V (Φ, ω)
]
, (34)
where the Higgs potential V (Φ, ω) is given by
V (Φ, ω) = (θω2 − u2)Φ2. (35)
According to the metric (14) and the action (34), the
equation of motion of the five-dimensional real scalar Φ
reads
∂µ∂
µΦ+ e−3A∂z(e
3A∂zΦ)− 2e2A(θω2 − u2)Φ = 0. (36)
Then, making the KK decomposition
Φ(xµ, z) =
∑
n φn(x
µ)χn(z)e
−3A/2 and demanding that
φn(x
µ) satisfies the four-dimensional massive Klein–
Gordon equation (∂µ∂
µ − m2n)φn = 0, we obtain the
Schro¨dinger-like equation of the extra–dimensional part
χn(z) [−∂2z + Vs(z)]χn(z) = m2nχn(z). (37)
Here mn is the mass of the n-th KK mode, and the ef-
fective potential Vs(z) is given by
Vs(z) =
3
2
∂2zA+
9
4
(∂zA)
2 + 2e2A(θω2 − u2). (38)
m1 = 3.12
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FIG. 1: The effect of the parameter λ on the mass m¯1 of the
first massive scalar KK mode. The other parameters are set
to k = −3 and z¯b = 1.
The fundamental five-dimensional action (34) can be re-
duced to the effective four-dimensional action of the mas-
sive scalars, when χn satisfy the following orthonormality
conditions: ∫ +zb
−zb
χm(z)χn(z)dz = δmn. (39)
The explicit expression of the effective potential Vs(z) for
the brane solution (10) is
Vs(z) =
(k2 − α2)β2
4α2(1 + β|z|)2
+2(1 + β|z|) 2(α+k)3α
( θ
α2
ln(1 + β|z|)− u2
)
+
k + α
α
β
[
δ(z)− 1
1 + βzb
δ(z − zb)
]
. (40)
At z = 0, the value of Vs(z) is
Vs(0) =
(k2 − α2)β2 − 8u2α2
4α2
+
k + α
α
βδ(0). (41)
61 2 3 4 5 6m
-40
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20
40
M
(a)z¯b = 2
1 2 3 4 5 6m
-50
50
M
(b)z¯b = 5
1 2 3 4 5 6m
-50
50
M
(c)z¯b = 10
FIG. 2: The effect of the size of the extra dimension, z¯b (large
z¯b > 1), on the mass spectra of the scalar KK modes. The
other parameters are set to k = −3 and λ = 5.
Considering that β > 0, k < −1 and √3/2 < α =√
k2 + 3k + 3 < −k, we know that the effective poten-
tial Vs(z) is negative at z = 0. Therefore, the scalar zero
mode can be localized on the positive tension brane.
For convenience, we redefine some new dimensionless
parameters:
|z¯| ≡ β|z| , θ¯ ≡ θ
β2
, u¯ ≡ u
β
, m¯n ≡ mn
β
, (42)
and the Schro¨dinger-like equation (37) is changed as
(−∂2z¯ + V¯s)χ(z¯) = m¯2nχ(z¯), (43)
where the expression of the dimensionless effective po-
tential V¯s is
V¯s(z¯) ≡ Vs
β2
=
(k2 − α2)
4α2(1 + |z¯|)2
+2(1 + |z¯|) 2(α+k)3α
(
θ¯
α2
ln(1 + |z¯|)− u¯2
)
+
k + α
α
[
δ(z¯)− 1
1 + z¯b
δ(z¯ − z¯b)
]
. (44)
m
1
= 31.52
10 20 30 40 50m
-60
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40
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FIG. 3: The effect of the size of the extra dimension, z¯b (small
z¯b < 1), on the mass spectra of the scalar KK modes. The
other parameters are set to k = −3, λ = 5.
At the boundary z¯ = z¯b, the effective potential V¯s(z¯) (44)
has a positive δ function (just as an infinite high bar-
rier), and it will yield infinite discrete bound KK modes.
Due to the non-analytical solution of the Schro¨dinger-like
equation (43), we can only solve numerically Eq. (43) by
fixing the parameter θ¯ and choosing the proper value u¯,
to ensure the zero mode can be localized on the brane.
The wave functions of the lower bound KK modes are
plotted in Fig. 5 and the corresponding mass spectrum
is listed as follows:
m¯n =
(
0, 2.84, 4.50, 6.09, 7.68,
9.25, 10.81, 12.36, 13.91, 15.46, · · ·), (45)
where the parameters are set to k = −2, θ¯ = 4.77, z¯b =
1, and u¯ = 1.43. From the numerical solution above, we
know that the zero mode can be trapped on the brane
by fine tuning the parameters. We can see that the mass
spectrum would get denser for the higher excited states
while they get sparser for the lower excited states, and
the gap of the higher excited states is almost the same
for a set of parameters, on account of the dimensionless
effective potential V¯s(z¯) at the boundary z¯ = ±z¯b hav-
ing two positive δ functions, and the effective potential
V¯s(z¯) just like an infinite high barrier. Therefor, the solu-
tions at the high excited states should be trigonometric
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FIG. 4: The mass spectra of the scalar KK modes. The pa-
rameter k is set to k = −3.
functions with the same mass gap. By increasing the
value of the parameter u¯, the bound state solution with
m¯2n < 0 will appear. Therefore, in order to obtain non-
negative eigenvalues m¯2, the mass parameter u¯ will have
an upper limit when the other parameters are fixed. For
k = −2, θ¯ = 4.77, z¯b = 1, as we have chosen here, the
upper limit of u¯ is 1.43.
B. Spin-1 vector field
Secondly, we turn to the spin-1 vector field. A typical
five-dimensional action of a vector field coupled with a
dilaton field ω is given as
Sv = −1
4
∫
d5x
√−geτωgMNgRSFMRFNS , (46)
where FMN = ∂MAN − ∂NAM is the field strength as
usual and τ is a dimensionless coupling constant. Con-
sidering the explicit form of the metric (14), the equations
of motion read as
eτω∂νF
µν + ηµλa−1(z)∂4 (a(z)e
τωF4λ) = 0,
eτω∂µ (η
µνFν4) = 0. (47)
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FIG. 5: The wave functions of the lower scalar KK modes.
The parameters are set to k = −2, θ¯ = 4.77, z¯b = 1, and
u¯ = 1.43.
In order to be consistent with the gauge invariant equa-
tion
∮
dzA4 = 0, we use the gauge freedom to choose
A4 = 0. Under the KK decomposition of the vector field
Aµ(x
µ, z) =
∑
n
a(n)µ (x
µ)ρn(z)e
−ǫA(z), (48)
where ǫ = k+α−3τ2(k+α) , and the orthonormality conditions∫ +zb
−zb
ρm(z)ρn(z)dz = δmn, (49)
the action (46) can be reduced to an effective one includ-
ing the four-dimensional massless vector field (the zero
mode) and a set of massive vector fields (the massive KK
modes):
Sv =
∑
n
∫
d4x
(
− 1
4
f (n)µν f
µν(n) − 1
2
m2na
(n)
µ a
µ(n)
)
, (50)
where f
(n)
µν = ∂µa
(n)
ν − ∂νa(n)µ is the field strength
of the four-dimensional vector field. In addition,
the extra–dimensional part ρn(z) satisfies the following
Schro¨dinger-like equation:[−∂2z + Vv(z)] ρn(z) = m2nρn(z), (51)
where mn is the mass of the vector KK mode and the
effective potential Vv(z) is
Vv(z) = (ǫ∂zA)
2 + ǫ∂2zA. (52)
The explicit expression of the effective potential Vv(z)
reads
Vv(z) =
b(k + α− 3τ)β2
36α2(1 + β|z|)2
+
(k + α− 3τ)β
3α
[
δ(z)− δ(z − zb)
1 + βzb
]
, (53)
8where b=(k − 5α− 3τ). The value of the effective po-
tential Vv(z) at z = 0 is
Vv(0) =
b(k + α− 3τ)β2
36 (k + α)α2
+
(k + α− 3τ)β
3α
δ(0).(54)
For localizing the vector zero mode on the positive ten-
sion brane, the effective potential Vv(z) should be nega-
tive at z = 0, which is equivalent to the following condi-
tion:
τ >
1
3
(k + α). (55)
By setting m = 0 in Eq. (51), we can get the normalized
zero mode of the vector field for τ 6= k+4α3 :
ρ0(z) =
√
βd
6α
[
(1 + βzb)
d
3α − 1](1 + β|z|)
k+α−3τ
6α , (56)
where d = k + 4α − 3τ . It is localized on the positive
tension brane when the extra dimension is finite under
the condition (55). It is easy to see that the vector zero
mode can also be localized on the brane when τ = 0 if
the extra dimension is finite. If the parameter τ = k+4α3 ,
the normalized vector zero mode is
ρ0(z) =
√
β
2 ln(1 + βzb)
1√
1 + β|z| (τ =
k + 4α
3
). (57)
The vector zero mode (57) can be localized on the pos-
itive tension brane only for the case of a finite extra di-
mension. However, we note here that if the extra dimen-
sion is infinite, the zero mode can also be localized on
this brane for τ > k+4α3 .
By defining the dimensionless potential
V¯v(z¯) =
Vv(z)
β2
, (58)
Eq. (51) can be rewritten in a dimensionless form,
[−∂2z¯ + V¯v(z¯)]ρn(z¯) = m¯2nρn(z¯), (59)
where the dimensionless parameters z¯ and m¯n are de-
fined as in Eq. (26). For simplicity, we only require that
the KK modes satisfy the Neumann boundary condition
∂z¯(e
−ǫA(z¯)ρn) = 0 at the boundaries z¯ = 0 and z¯ = z¯b.
Using the boundary condition at z¯ = 0, we get the gen-
eral solution of Eq. (51),
ρn(z¯) = N(1 + |z¯|) 12
[
JPv(m¯n(|z¯|+ 1))
+Cv YPv(m¯n(|z¯|+ 1))
]
, (60)
where N is the normalization coefficient and
Cv ≡ − JPv−1(m¯n)
YPv−1(m¯n)
, Pv ≡ 2α+ 3τ − k
6α
.
With another boundary condition at z¯ = z¯b, we obtain
the spectrum of the vector KK modes determined by the
following condition:
M(m¯) ≡ JPv−1(m¯n(z¯b + 1))
+CvYPv−1(m¯n(z¯b + 1)) = 0. (61)
We plot the relation betweenM and m¯ In Figs. 6 and
7 for large and small z¯b, respectively. Figure 6(a) and
Fig. 6(b) imply that the mass of the first excited state
increases with the coupling constant of dialton, τ . And
Fig. 6(b) and Fig. 6(c) show that in a single cycle the
number for the excited states increases with the size of
the extra dimension, z¯b. In Fig. 7, we adjust the size
of the extra dimension z¯b = 0.1 and z¯b = 0.06 and let
k = −3, τ = 20 at the same time; the result shows that
the excited states do not exist in each cycle and they only
emerge after multiple periods. In addition, Fig. 8 shows
that the spectrum interval approaches a constant for the
higher excited states, while for the lower excited states it
is relatively sparse.
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FIG. 6: The effect of the parameter τ and the size of the
extra dimension z¯b on the massive vector KK modes, and the
parameter k is set to k = −3.
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FIG. 7: The effect of the size of the extra dimension z¯b (small
z¯b < 1) on the massive vector KK modes. The parameters
are set to k = −3, and τ = 20.
C. Spin-1/2 fermion field
Furthermore, we investigate the localization and mass
spectrum of spin-1/2 fermions on the Weyl brane. For
studying the localization of fermions on thick branes,
Refs. [10, 15, 45–56] have introduced the Yukawa cou-
pling. Here, we consider the following five-dimensional
Dirac action for a fermion coupled with the background
scalar field ω:
S 1
2
=
∫
d5x
√−g [Ψ¯ΓM (∂M + ωM )Ψ− ηΨ¯F (ω)Ψ] ,
(62)
where ωM is the spin connection defined as
ωM =
1
4ω
M¯N¯
M ΓM¯ΓN¯ with ω
M¯N¯
M given by
ωM¯N¯M =
1
2
eNM¯ (∂Me
N¯
N − ∂Ne N¯M )
−1
2
eNN¯ (∂Me
M¯
N − ∂Ne M¯M )
−1
2
ePM¯eQN¯ (∂P eQR¯ − ∂QePR¯)e R¯M . (63)
The non-vanishing components of the spin connection
ωM for the background metric (14) are
ωµ =
1
2
(∂zA)γµγ5 + ωˆµ, (64)
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FIG. 8: The mass spectra of the vector KK modes. The
parameter k is set to k = −3.
where ωˆµ =
1
4 ω¯
µ¯ν¯
µ Γµ¯Γν¯ is the spin connection derived
from the metric gˆµν(x) = eˆ
µ¯
µ (x)eˆ
ν¯
ν (x)ηµ¯ν¯ . Then we can
obtain the equation of motion{
γµ(∂µ + ωˆµ) + γ
5 (∂z + 2∂zA)− η eAF (ω)
}
Ψ = 0,(65)
where γµ(∂µ + ωˆµ) is the Dirac operator on the brane.
For the current case of flat brane, the spin connection on
the brane vanishes, i.e., ωˆµ = 0.
We make a general chiral decomposition,
Ψ = e−2A(z)
∑
n
(
ψLn(x)fLn(z) + ψRn(x)fRn(z)
)
, (66)
where ψLn(x) = −γ5ψLn(x) and ψRn(x) = γ5ψRn(x)
are the left- and right-chiral components of a four-
dimensional Dirac field, respectively. Then we can show
that ψL(x) and ψR(x) satisfy the four-dimensional mas-
sive Dirac equations: γµ(∂µ + ωˆµ)ψLn(x) = mnψRn(x)
and γµ(∂µ+ωˆµ)ψRn(x) = mnψLn(x), and the KK modes
fLn(z) and fRn(z) satisfy the following coupled equations
[
∂z + η e
AF (ω)
]
fLn(z) = mnfRn(z), (67a)[
∂z − η eAF (ω)
]
fRn(z) = −mnfLn(z). (67b)
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From the above coupled equations, we can obtain the
Schro¨dinger-like equations for the left- and right-chiral
KK modes of the fermion(− ∂2z + VL(z))fLn = m2LnfLn, (68)(− ∂2z + VR(z))fRn = m2RnfRn, (69)
where the effective potentials are given by
VL(z) =
(
ηeAF (ω)
)2 − ∂z(ηeAF (ω)), (70a)
VR(z) = VL(z)|η→−η. (70b)
In order to get the effective four-dimensional action for
a massless fermion and a set of massive Dirac fermions
S 1
2
=
∑
n
∫
d4x
√
−gˆ ψ¯n[γµ(∂µ + ωˆµ)−mn]ψn, (71)
we need to introduce the following orthonormality con-
ditions: ∫ zb
−zb
fLmfLndz =
∫ zb
−zb
fRmfRndz = δmn,∫ zb
−zb
fLmfRndz = 0. (72)
We set F (ω) = ∂z(e
υω) as a simple example. The
explicit expressions of the effective potentials read
VL(z) =
vηβ2
α2
(1 + β|z|) k−5α−3v3α
[
vη(1 + β|z|) k+α−3v3α
+
k − 2α− 3v
3
]
+
2vηβ
α
[
δ(z)− 1
1 + βzb
δ(z − zb)
]
, (73)
VR(z) = VL(z)|η→−η. (74)
One can easily calculate the values of VL(z) and VR(z)
at z = 0:
VL(0) =
vηβ2
α2
[
vη − v − α+ 1
3
(k + α)
]
+
2vηβ
α
δ(0), (75)
VR(0) = VL(0)|η→−η. (76)
It can be shown that the left- and right-chiral fermion
zero modes cannot be localized on the positive tension
brane at the same time. For localizing the zero mode
of the left-chiral fermion on the positive tension brane,
the effective potential VL(z) should be negative at z = 0,
which requires that ηv < 0, since β and α are positive.
In the following, we suppose the left-chiral fermion has
the zero mode localized on the positive tension brane. So
we only consider the left-chiral fermion (the right-chiral
fermion will have the same mass spectrum with mn > 0).
The solution of the left-chiral fermion zero mode is
fL0(z) ∝ exp
(
−η
∫
dz′eA(z
′)F (ω)
)
. (77)
For the case of infinite extra dimension, in order to lo-
calize the zero mode fL0(z) on the brane, the following
normalization condition should be satisfied:∫ ∞
−∞
dzfL0
2(z) ∝
∫ ∞
−∞
e(−2η
∫
z dz¯eA(z¯)F (ω¯))dz <∞,(78)
which turns out to be v < 13 (k + α) (< 0) and η > 0.
Next, we consider the case of finite extra dimension, for
which we only need ηv < 0 in order for the zero mode
fL0 to be localized on the positive tension brane. We
will investigate the localization and mass spectrum for
the special case v = 13 (k+α) < 0. The effective potential
for the left-chiral fermion KK modes is reduced to
VL(z) =
vηβ2
α2(1 + β|z|)2 (vη − α)
+
2vηβ
α
[
δ(z)− 1
1 + βzb
δ(z − zb)
]
. (79)
Now, in order to transform Eq. (68) into a dimensionless
one, we redefine the following dimensionless potential:
V¯L(z¯) =
VL(z)
β2
. (80)
We assume the KKmodes satisfy the Neumann boundary
condition ∂z¯(e
−2A(z¯)fLn) = 0 at the boundaries z¯ = 0
and z¯ = z¯b. By using the boundary condition at z¯ = 0,
we get the general solution of Eq. (68),
fLn(z¯) = N(1 + |z¯|) 12
[
JPf(z¯) + Cf YPf(z¯)
]
, (81)
where
Cf ≡ − JPf−1(m¯n)
YPf−1(m¯n)
, Pf ≡
√
(−3α+ 2kη + 2αη)2
6α
. (82)
Another boundary condition will give the mass spectrum
of the fermion KK modes:
M≡ (4k + α+ 6Pfα)BPf − (4m¯nαz¯b)BPf-1 = 0, (83)
where BPf and BPf-1 are defined as follows:
BPf ≡ JPf(m¯n(z¯b + 1)) + CfYPf(m¯n(z¯b + 1)), (84)
BPf-1 ≡ JPf−1(m¯n(z¯b + 1)) + CfYPf−1(m¯n(z¯b + 1)). (85)
We can obtain the mass spectrum of the left-chiral
fermions by numerical calculation, and show some re-
sults in Figs. 9, 10, and 11. Figure 9 shows that the
mass of the first massive mode increases with the value
of the Yukawa coupling constant η, and the number of
the excited states in a single period increases with the
size of the extra dimension z¯b. Figure 10 indicates that,
for the case of z¯b < 1, the excited states will not appear
in every period and they only emerge after multiple peri-
ods. We plot the mass spectrum in Fig. 11 for different
parameters. It can be seen that the spectrum interval
approaches a constant for the higher excited states due
to the plane wave behavior of the wave function, while it
is relatively sparse for the lower excited states.
11
m
1
= 3.09
1 2 3 4 5 6 7m
-50
50
M
(a)η = 1, z¯b = 1
m
1
= 3.52
2 4 6 8 10 12 m
-100
-50
50
100
M
(b)η = 10, z¯b = 1
m
1
= 1.21
2 4 6 8 10 12 m
-200
-100
100
200
M
(c)η = 20, z¯b = 5
FIG. 9: The effect of the Yukawa coupling constant η and
the size of the extra dimension z¯b on the mass spectrum of
the left-chiral fermion KK modes. The parameter k is set to
k = −3.
IV. CORRECTION TO NEWTONIAN
POTENTIAL
Finally, we consider the tensor fluctuations in this
model. Now we add a small perturbation a2(z)hµν(x, z)
to the background metric (8):
ds2 = a2(z)[(ηµν + hµν(x, z))dx
µdxν + dz2]. (86)
Following Ref. [67], we suppose the tensor perturba-
tion hµν satisfies the transverse-traceless (TT) condition:
hµµ = ∂
νhµν = 0. The equation of motion for hµν is given
by [62]
h′′µν + 3
a′
a
h′µν + kω
′h′µν +✷
(4)hµν = 0. (87)
Furthermore, hµν can be decomposed in the form
hµν(x, z) =
∑
n
ε(n)µν (x)H
− 32 (z)Ψn(z), (88)
where H(z) = (1 + β|z|)1/3. The four-dimensional
mass mn of a KK excitation is defined by the Klein–
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FIG. 10: The effect of the size of the extra dimension z¯b (small
z¯b < 1) on the mass spectrum of the left-chiral fermion KK
modes. The other parameters are set to k = −3 and η = 40.
Gordon equation ✷(4)ε
(n)
µν (x) = m2nε
(n)
µν (x). We obtain a
Schro¨dinger-like equation from Eq. (87),
−Ψ′′n(z) + V (z)Ψn(z) = m2nΨn(z), (89)
where the effective potential V (z) is given by
V (z) =
3
2
H ′′
H
+
3
4
H ′2
H2
=
−β2
4(1 + β|z|)2 . (90)
The general solution of Eq. (89) is a linear combination
of the Bessel functions,
Ψn(z) = Nn(
1
β
+ |z|) 12
[
J0
(
mn(|z|+ 1
β
)
)
+αnY0
(
mn(|z|+ 1
β
)
)]
. (91)
Imposing the Neumann boundary condition
∂zhµν(x, z) = 0 at the boundaries z = 0 and z = zb, we
get
αn = −J1(mnβ )/Y1(mnβ ) and
J1(mn(zb +
1
β ))
J1(
mn
β )
=
Y1(mn(zb +
1
β ))
Y1(
mn
β )
. (92)
12
Η = 5 Η = 20Η = 10
m
1
= 0.103
m
1
= 0.147
m
1
= 0.231
0.0
0.2
0.4
0.6
0.8
1.0
mn
(a)z¯b = 30
zb = 30 zb = 50 zb = 65
m
1
= 0.231
m
1
= 0.141
m
1
= 0.109
0.0
0.2
0.4
0.6
0.8
1.0
mn
(b)η = 20
FIG. 11: The mass spectrum of the left-chiral fermion KK
modes for different parameters. The parameter k is set to
k = −3 .
The solution of the graviton zero mode Ψ0(z) is
Ψ0(z) = N0(
1
β
+ |z|) 12 , (93)
which is localized on the negative tension brane for finite
zb. Note that the graviton zero mode cannot be normal-
ized anymore when the extra dimension is infinite, which
is very different from the RS1 model. The massless zero
mode sector of the action (1) leads to us the effective
four-dimensional gravitational theory,
S5 ⊃ M
3
∗
2
∫
MW5
d5x
√
|g|ekωR
⊃ M
3
∗
2
∫ zb
−zb
dza3(z)ekω
∫
M4
d4x
√
|g(4)|Rˆ(4),(94)
where Rˆ(4) is the four-dimensional Riemannian Ricci
scalar made out of g
(4)
µν = ηµν + h
(0)
µν (x). Thus the ef-
fective four-dimensional Planck scale MPl is [62]
M2Pl =M
3
∗
∫ zb
−zb
dza3(z)ekω =M3∗ (2zb + βz
2
b ). (95)
For the light modes (mn/β ≪ 1), the solution (91) in
the long-range limit αn ≈ πm
2
n
4β2 ≪ 1 becomes
Ψn(z) ≈ Nn( 1
β
+ |z|) 12
[
J0(mn(|z|+ 1
β
))
]
. (96)
Correspondingly, the spectrum of KK gravitons is [62]
mn(z) =
xn
zb +
1
β
≈ xn
zb
, (97)
where xn satisfies J1(xn) = 0, and x1=3.83, x2=7.02,
x3=10.17, · · · . The normalization constant Nn is deter-
mined by [68]
1 =
∫ zb
−zb
Ψ2ndz ≈ 2N2n
∫ zb
0
zJ0(mnz)
2dz ≈ N2nz2bJ20 (mnzb).
(98)
Imposing the approximation J0(x) ≈
√
2
πx cos(x − 14π)
and the approximate formula of the zero point of J1(xn),
xn ≈ (n+ 14 )π, we get Nn ≈
√
πxn
2z2
b
. Then the normalized
KK modes are
Ψn(z) ≈
√
πxn
2z2b
(
1
β
+ |z|) 12J0(mn(|z|+ 1
β
)). (99)
For simplicity, the effective gravitational potential be-
tween two point-like sources with mass M1 and M2 is
obtained by the exchange of the graviton zero mode and
massive KK modes, and it can be expressed as [4, 69]
U(r) = −M1M2
M2Pl
1
r
−M1M2
M3∗
∞∑
n=1
e−mnr
r
|Ψn(0)|2, (100)
where the four-dimensional Newtonian potential is
caused by the zero mode, and the correction term is pro-
duced by the massive KK modes. Combining Eqs. (95),
(99), and (100), we can get the correction term to the
Newtonian potential:
∆U(r) = −M1M2
M2Pl
∞∑
n=1
πxn
2zbβ
(2 + βzb)
e
−xn
r
zb
r
. (101)
For r ≫ zb , the summation term tends to e−xnr/zb ≈ 0,
and the correction can be ignored. For the case of r ≪ zb
, the correction term cannot be ignored and it can be
calculated as follows:
∆U(r) ≈ − M1M2
M2Pl
z2b
r3
. (102)
It shows that, for r ≪ zb, the Newtonian potential is
corrected by a 1/r3 term, which is the leading term. For
r ≫ zb, the correction can be ignored, and we recover
the Newtonian potential U(r) ∝ 1/r. According to the
gravitational experiments of the correction to the Newto-
nian potential [70–73], we know that the size of the extra
dimension, zb, should not be larger than the micron scale.
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V. CONCLUSION AND SUMMARY
To summarize, we have investigated the localization
and mass spectra of various bulk matter fields on the
Weyl brane. We first gave a brief review of the thin
brane arising from a five-dimensional Weyl integrable
spacetime. Then, we investigated localization of the zero
modes for various bulk matter fields (i.e., scalar, vector,
and fermion fields) on the brane, and we got the mass
spectra of the fields by redefining some dimensionless pa-
rameters. We also considered the correction to the four-
dimensional Newtonian potential from the massive KK
gravitons.
It was found that the zero modes of various bulk mat-
ter fields can be localized on the positive tension brane
under some conditions, which are collected in Table. I. It
can be seen that the localization conditions for the case
of infinite extra dimension are stronger than the case of
a finite extra dimension. When the extra dimension is fi-
nite, the scalar and vector zero modes can be localized on
the positive tension brane even if there is no interaction
with the background scalar field (i.e., λ = 0 and τ = 0).
For the scalar field, we considered two types of cou-
plings with the background scalar field. For the case of
the scalar–dilaton coupling, we found that the mass of
the first massive scalar KK mode increases and decreases
with the dimensionless coupling constant λ and the size
of the extra dimension z¯b, respectively, and the gap of
the mass spectrum decreases with z¯b. When the dimen-
sionless size z¯b > 1, the number of the excited states in a
single period, shown in Fig. 2, increases with z¯b. When
z¯b < 1, the excited states do not appear in each period,
they will emerge after several periods. For the case of the
Higgs potential coupling, we fixed the parameter θ¯ and
chose the proper value u¯, to ensure the zero mode can be
localized on the brane. In order to avoid negative m¯2n,
the mass parameter u¯ in the Higgs potential should have
an upper limit when the other parameters are fixed.
For the vector field, it was shown that the mass of the
first massive vector KK mode increases with the coupling
constant τ , and the gap of the mass spectrum decreases
with the size of the extra dimension.
For the fermion field, we introduced the usual Yukawa
coupling with F (ω) = ∂ze
υω, and we found that the left-
chiral fermion zero mode can be localized on the posi-
tive tension brane at some conditions. We calculated the
mass spectrum of the fermion KK modes for v = 13 (k+α)
as an example. The mass of the first excited state in-
creases with the Yukawa coupling constant η. The size
of the extra dimension can also affect the mass gap in
the same way as the cases of the scalar and vector fields.
The spectra of various bulk matter fields show the same
phenomenon: that the spectrum interval approaches a
constant for the higher excited states, while it is rela-
tively sparse for the lower excited states.
For the TT tensor perturbation of the gravitational
field, the zero mode is localized on the negative tension
brane for the finite extra dimension, and cannot be nor-
malized anymore when the extra dimension is infinite.
For the case of the finite extra dimension, the gravity
zero mode gives the Newtonian potential, while the grav-
ity massive KK modes will give a correction to the New-
tonian potential by a 1/r3 term when r ≪ zb.
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TABLE I: Localization conditions for the zero modes of various bulk matter fields. Here zb is the size of the extra dimension.
Bulk matter Lagrangian zb condition
Scalar L0 = −
1
2
eλω∂MΦ∂
MΦ
finite λ > k + α
infinite λ > k + 2α
Vector L1 = −
1
4
eτωFMNF
MN finite τ >
1
3
(k + α)
infinite τ > 1
3
(k + 4α)
Fermion L1/2 = Ψ¯Γ
M (∂M + ωM )Ψ− ηΨ¯F (ω)Ψ
finite ηv < 0
infinite η > 0, v < k+α
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